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A particular class of selfadjoint 2 x 2 operator matrices A of the form 
A= 
acting on a direct sum Hilbert space X =X;@X,,&, i= 1,2, Hiibert spaces, is 
considered. The square of the norm (i.e., the energy) of a solution of the 
corresponding initial value problem is shown to be distributed asymptotically 
evenly to its first and second component as t -+ +co if the initial values are in the 
absolute continuous subspace. The result extends and simplifies proofs of results 
obtained previously in this area. A list of examples covered by the general results is 
included. 0 1987 Academic Press. Inc. 
In the past two decades there has been a continuing interest in the 
question of equipartition of energy for certain general wave equation-type 
evolution equations in Hilbert space. Starting with a paper by Shinbrot 
[Sh] (extending a result of Brodsky [Br]), there is an active history of 
research in this area. In particular Goldstein and Sandefur have con- 
tributed essentially to the progress in dealing with questions of equipar- 
tition in a functional analytical framework, [Gl, G2, GSl, GS2, Sl, S2]. 
In this article we present an approach that is based strictly on consider- 
ing first order evolution equations which seems to be a natural access to 
many problems of mathematical physics. The results obtained not only 
generalize equipartition results obtained earlier but also can be seen to be 
valid quite easily by revealing the hidden structure of the class of systems 
considered. We shall investigate 2 x 2 operator systems on a Hilbert space 
X=s@XZ of the form 
0 B* 
( > B 0 
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as generators of Cc-semigroups. The result is based on the observation that 
if u(t) @ u(t) is a solution of the corresponding Cauchy problem for initial 
data u”@ u” then u( -t)@ -v( - t) is also a solution for initial data 
u”@ -0’. Due to this structural property which is shared by many 
problems of application interest the result follows by the use of the 
Riemann-Lebesgue theorem. This program will be carried out in the next 
section. A second section is devoted to a brief account on several examples 
that are covered by the general results. 
1. THE EQUIPARTION OF ENERGY RESULT 
We consider the following situation: 
Let XI, X2 be Hilbert spaces, and let B be a densely defined closed linear 
operator with domain 5@(B) c SI and range S?(B) c J$. Then the operator 
A, acting in the direct sum 2 := XI 0 Z2, defined by 
Au := B*qu@Bx,u, u~g(A) :=@B)@g(B*), (1) 
is selfadjoint. Here rc, , rc2 are the projections on X; , Sz, respectively. By a 
weak solution of the initial value problem 
iti=Au, 
u(0) = u” E se, 
we mean a function u E C( [w +, 2) which satisfies 
f (u(t), id(t) +A4(t)) dt = -i(u’, d(O)) for all q5 E 52, R+ (3) 
~:=(~~C,([W,~)r\C(IW,~(A));~(t)=oift3r forsomerER}. 
Here 
denotes the inner product of S, which we assume to be linear in the 
second argument. For this situation we have the following 
THEOREM. For every initial value u” E XT, (&, denotes the subspace of 
absolute continuity with respect to A) the energy of the weak solutions of 
problem (2) is asymptotically evenly distributed to 7c1 u and TT~U, i.e., the 
relations 
ll~,u(t)ll’=fIl~“ll’+0(1), t-+ &co, 
Il~,~~~~l12=~ll~ol12+0(1), 
(4) 
t-r +a2 
are valid. 
505/6812-S 
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Remark 1. In most applications there will be no singular continuous 
spectrum present, and the Hilbert space S thus will be the direct sum of 
the closed subspaces Xa, and J$, the latter being spanned by all eigenvec- 
tors of A (see Kato [Ka, Chap. lo]). Indeed, for a large class of problems 
(exterior domain case) %a, will coincide with the closure of the range of A 
and XP with the null space of A, M(A)= N(B)@N(B*). In these cases, 
let P, Q denote the orthogonal projections from A? to && and M(A), 
respectively. Then the asymptotic estimates of the Theorem may be restated 
as 
for any u” E Z?. 
The proof of the Theorem is based on two simple observations, which 
are stated in the following lemmata. First, recall that a unitary group 
(e-i’A)I, R is associated with the selfadjoint operator A. The group elements 
can be represented in terms of the spectral resolution (E(A)),,, for A, 
This group provides the weak solutions for (2). 
LEMMA 1. The unique solution for (1) is given by 
u(t)=ep”Auo, t 2 0. (7) 
Proof: Obviously u is a continuous function from R! to 2. For #E 59 
we have 
1 [ie”“d( t)] = -e”AA&t) + ieifA& t), 
the r.h.s. being continuous with respect o t. Hence, since the support of 4 
is bounded from above, we have 
= 
s iC Iw+ dt 
u”, ieifA& t)) dt 
= -i(uO, b(O)). (9) 
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To prove uniqueness consider 
Vb(t) := -e-jr’ Srrn e”“#(s) ds, (10) 
Then VIE C,([w, X)n C(lR, 9(A)), and the support of V4 is bounded 
from above. Furthermore 
4 v#)‘(t) - A V&t) = 4(f), te[W. (11) 
So if u is a weak solution of (1) with a0 = 0, we have for all test functions 
de9 
j (4th 4(t)) df = jR+ (4th 4 Vd)‘(t) - A v&t)) df = 0, (12) R+ 
Thus, u(t) must be zero for t > 0. 1 
LEMMA 2. For MO, u” E Sac we have 
IIe-i’Auo+eirAuoI12= IJu”l12+ ~~o”l~*+o(l) (13) 
as t-r L-co. 
Proof This result is an immediate consequence of the Riemann- 
Lebesgue theorem, since 
IIe-irauo +eirauol12 = llu”/12 + llu”ll + 2 Re(e-i2’Auo, u’), (14) 
where 
(e- 2irAU0, vO) = 
s 
,-*iti. 
-$ (E(A) u”, u”) d2 
88 
=0(l) as t+ &co, 
since (d/dl) (E(e) u”, v”)~L,(R). i 
The proof of the theorem now follows by taking 
(15) 
Ilo := +TuO := f(7Tc,u0@ ( -7r2z40)). - (16) 
Proof of Theorem. T is a unitary operator in Z, which maps && into 
Z& and HP into %P (and therefore the remaining part x, into g,). For #P 
this is obvious. For X=, consider the equation 
(A -z) R(z) a0 = u”, 2 E @\R, (17) 
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for the resolvent R(z) = (A - z) -‘. Then, a simple calculation gives 
(A + z) TR(z) u” = -TuO. (18) 
Thus, for the resolvent R(z) of A we have the relation 
TR(z) = - R( -z) T, ZE C\W. (19) 
From this and Stone’s formula we deduce 
2zi 
([ 
E(b) + E(b-1 E(a) + Eta-1 
2 - 2 
] TAO, TAO) 
= lim s b([R(A+icr)-R(L-i~)] Tu’, Tu’)dl 010 (I 
=fE jub([R(-1,+io)-R(-i.--io)]u”,uo)dd 
= 2ni 
E(-b)+E(-&) E(-a)+E(-a-) 
- 2 2 1 2.40, u” 1 ) a<b. (20) 
Hence for intervals ZC R we have 
IW) Tu’ll*= lI~F~)~~11*, (21) 
and this yields, that the spectral measure induced by E(. ) Tu” is absolutely 
continuous w.r.t. the Lebesgue measure, iff the measure, induced by 
E(. ) u”, is. 
Now, let u be the weak solution for (1) with u’E%?~,. Then, since 
TA = -AT, TM is the weak solution of 
iti = -Au, 
v(0) = Tu’, 
and hence Tu(t) = ei’ATuo. But 
f(~+ Tu)=n:,u@O and i(u- Tu)=O@n,u, 
so the conclusion of the theorem is obvious. 1 
Remark 2. For the case 
( > -$+c” u(t)=O, 
(22) 
u(0) = u”, 
C(O) = 22, 
(23) 
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where C is a selfadjoint operator in some Hilbert space X0, u” E D(C) n 
%,,, and u’ E %iac9 we also obtain equipartition of energy. This case is con- 
tained in the approach above in the following way. The first derivative ti(t) 
of the weak solution can be identified as the first component of the solution 
V(t) of the initial value problem 
iV=AV, 
V( 0) = 24 ’ 0 CUO, 
where A is as above with B = C, 6 = X2 = so. Thus we obtain from the 
above 
as t+ fco. 
This result contains some of those given by other authors in previous 
work (e.g., [Br, Sh, Gl, G23). This comment applies in particular to a 
variant of (23) that has been considered in [GSl], 
( -$+i2Sz+ T ) u(t)=O, t > 0, 
u(0) = u” E D(C), c :=J-tr, S2+ T>O, (24) 
C(O) = 24’. 
Here S, T are assumed to be commuting selfadjoint operators. Moreover, 
let u’, U’ be in the absolute continuous subspace X0,,, with respect to the 
selfadjoint operator C. The weak solution of (24) can be found by the sub- 
stitution 
u(t) =e-‘%(t). (25) 
Then w(t) has to be a weak solution of (23). Applying the considerations of 
this remark we obtain 
Il@(tN2= IICw(t)l12+o(l), 
or in terms of u(t) according to (25) 
Ilti(t)+iSu(t)l12= IICu(t))12+0(1) as t+ *cc. 
From the proof of the Theorem we have the following corollary (P, Q as 
defined in Remark 1). 
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COROLLARY 1. For u” E 2 we have 
T-’ 
s o~ll~~~~r)/12~~=til~~ol12+ Iln,Qu0112+41), 
T-’ 
1 oT 117124~)112 La 
=fllPu0112+ l17c2Qu011*+o(l) as T+ fco. 
Proof The result follows immediately by taking the Cesaro limits (see, 
e.g., [Pi2]) in formula (14) which is valid for general u’, u” and then choos- 
ing u” = f Tu” as before. i 
In the proof of the Theorem we made use of the Riemann-Lebesgue 
theorem. The essential consequence of the latter that has been used in this 
proof can be rephrased as 
e irA --, 0 weakly in X!& as t + f cc. 
Since it is clear that such a weak convergence result cannot be true in #p 
we have the following slight generalization. 
COROLLARY 2. The equipartion result of the Theorem is valid for any 
U”E~.=~,QJg, iff 
e ifA ~ 0 weakly in X&. 
In view of Corollary 2 one should note, however, that in most 
applications we have 
Operators satisfying the condition of Corollary 2 are called 
Riemann-Lebesgue operators if Zp = {0}, (see, e.g., [GSl, GS23). 
To illustrate the scope of the preceding results we give a brief survey over 
some applications. 
2. SOME APPLICATIONS 
The results of Section 1 can be applied immediately to many initial and 
initial boundary value problems of mathematical physics. In the following 
we shall give a brief account of some interesting applications that are 
covered by the results of Section 1. For more general boundary conditions 
compare Remark 2. 
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Let L,(G) denote as usual the space of measurable and square integrable 
complex-valued functions defined on some domain G c R”, n E IA, - N 
denoting as usual the set of positive integers. L,(G) is a Hilbert space with 
inner product 
(w, v) L,(G) = jG 4x1 v(x) dx for 0, v E LAG), 
by the usual identification of functions whose difference has norm zero. 
Vector or tensor fields with m components in L,(G) can be regarded as 
elements of the direct Hilbert space sum 
L?(G)= 6 L,(G) with inner product ( *, . ). 
i=l 
Let E,,, be a strictly positive definite and bounded operator on such a 
space, then ( ., E,,, . ) is also an inner product. The Hilbert space L?(G) 
equipped with this inner product will be denoted by 
L;f,(G). 
Moreover, grn will denote the subset of those regular vector or tensor fields 
with m components having compact support in G. 
2.1. Acoustics 
The case of Dirichlet and Neumann-type initial boundary value 
problems (n = 3) can be seen to be contained in our general approach by 
taking B as the closure of 
iE,‘grad:9’cS,-+XZ, Jf? = L:,AG), =% = L:,(G), 
in the Dirichlet case and of 
in the Neumann case, respectively. The operators E’, E3 describe the 
properties of the medium. It should be noted that due to the weak 
assumptions on these operators transmission problems (i.e., discontinuous 
medium) are also included. Under mild assumptions it is possible to show 
(see [Pil, Pi3]) 
For the exterior domain case assuming sufficient decay and the validity of a 
unique continuation result we have 
Xp = iV( A). 
206 PICARD AND SEIDLER 
2.2. Electromagnetism 
That the electric field E satisfies the boundary condition of total reflec- 
tion can be suitably generalized by saying that E is contained in the 
domain of the closure B of 
ip - ’ curl: 9’ c X1 + X2, 8 = G,,(G), % = G,,(G), 
where E, p have the properties stated for E3 above (n = 3). With this choice 
of B the system (2) is a Hilbert space realization of Maxwell’s initial boun- 
dary value problem. Thus, we obtain an equipartition result for the case of 
Maxwell equations likewise. 
A generalization of this initial value problem (as well as for those of 
linearized acoustics discussed above) to arbitrary dimensional Riemannian 
manifolds can be found in [Pi2]. Since the operators involved maintain the 
described structure, the equipartitioning of energy remains also valid for 
this generalization. The two final statements of Section 2.1 apply here 
likewise. 
2.3. Elasticity Theory 
Here we have to take B as the closure of 
iE,1Grad:93c&-+XZ, ~6 = G,,(G), & = G,,(G), 
to obtain an equipartition result for the Dirichlet problem of linear 
elasticity theory (n = 3). Here 
Grad u = (a,~, + a,~,)~,~ for vE5B3. 
In this context EC’ represents the matrix of the elasticity moduli. The 
corresponding result for the Neumann problem can be obtained by taking 
B as the closure of 
iE, l Div: g9 c .x$ + &$, 6 = G&3, & = G,,(G). 
Here Div is the usual divergence operator for 2-tensor fields: 
Div T= (dir,), for TEAM. 
The operator E, represents the mass densities. This result generalizes those 
obtained in [S2]. Here again we have (for domains with restricted cone 
property and under certain decay conditions on the coefficients if G is an 
exterior domain) 
xc = PI. 
In the exterior domain case again we can obtain 
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2.4. The Plate Equation 
This example describes small movements of vibrating plate and is for- 
mally a combination of the last section and Section 2.1 in the case n = 2. 
The operator B is related to the second order differential operator Grad 
grad or its formal adjoint -div Div. Various boundary conditions may be 
built-in into D(B). The two most simple cases are again a Dirichlet and a 
Neumann-type boundary condition. Similarly as above these cases may be 
described as taking for B the closure of 
iE;‘Gradgrad:9’c&-+X2, & = G,,(G), & = G,,(G), 
in the Dirichlet case or 
iE; 1 div Div: g9 c 2, + s2, % = L;,,(G), ~6 = G,,(G), 
in the Neumann case. If we refer to the first and third example by lower 
indices a, e, and d, n for Dirichlet and Neumann boundary condition 
respectively, then these definitions may be reformulated as 
B = B, = BedBad, B= B,, = B,,B,,. 
Other combinations however are also possible 
B - Bdn = B,*, B,, or B = Bnd = B,,Bzn. 
Similar comments as have been made for the above cases apply to this 
example likewise. 
2.5. The Dirac Equation 
We conclude our list of examples with the derivation of an equipartition 
result for Dirac’s equation. The operator matrix corresponding to the Dirac 
equation is of the form 
A= 
where B is a selfadjoint first order differential operator acting on a suitable 
domain in 
so = x; = x* = L;( W’). 
Apparently A is selfadjoint but does not have the particular shape con- 
sidered above. However, transforming the equation by the unitary matrix 
(2.1) 
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leads indeed to an initial value problem of the desired type 
if W(r)= 0 1 + iB 
l-iB 0 W(t), 
t>o, W(O)= W,=Qvo, (2.2) 
here @ denotes the initial value corresponding to the original problem. 
Thus we obtain an equipartition for W(t) and consequently for 
U(t)=exp(itd) vO=Q*W(t). 
Thus, we obtain 
IliUl(f) - u2(t)ll = IIiul(t) + U2(r)ll + 41) as t+ *co, (2.3) 
for any initial value U” in Z&-X (with respect o the matrix operator a 
appearing in (2.2). Boundary value problems could be dealt with similarly. 
Relation (2.3) can be reformulated as an asymptotic orthogonality con- 
dition for the imaginary part of the inner product of the components of 
U(t) in ZO 
Im(U,(th u2(t)) = 41) as t-+ *co. (2.4) 
Remark 3. For the first three examples eventual equipartion results for 
initial values in a certain linear subspace (say M) of 2 may be obtained in 
the free space situation from results in [Du, Dl, Bra, D23. They may be 
carried over to the general case by applying the wave operator W, (for 
conditions of existence see [PSI). Since W, is unitary and by application 
of the invariance principle it is easy to see that W$ A4 is a set of initial 
values for which we have eventual partition of energy as t -+ fco. 
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